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SUMMARY 

The ideal conditions in chromatography and the limits of Huber’s method are 
defined with a model based on a layer of equilibrium adsorption. New methods for 
solution of the inverse problem are proposed. 

The development of a phenomenological theory of elution chromatography is 
necessary for the estimation of the physicochemical properties of substances and the 
characteristics of sorbents and catalysts. 

It has been noted1 that in ideal chromatography the equilibrium between the 
particle and fluid is immediate, the mass transfer coefficient is infinitely high. In the 
theory of ideal chromatography, the correlation between the elution curve and the 
sorption isotherm is determined2. So far, no criteria have been found for the quan- 
titative assessment of the ideal conditions within the framework of the existing the- 
oretical models. 

The theory of non-ideal non-linear (or real) chromatography has been inade- 
quately developed3. This is apparently due to the impossibility of obtaining a satis- 
factory solution to the material balance and sorption kinetics equations for random 
isotherms. The methods of definition of the sorption isotherm in real chromato- 
graphy4-6 have a particular character. 

The present report concerns the quantitative assessment of the ideal conditions 
in chromatography and the limits of Huber’s method, and the development of new 
methods for solution of the inverse problem, when the sorption isotherm and effective 
kinetic constant are simultaneously defined. 

THEORETICAL 

The layer-by-layer method developed in plate theory’ applied to non-linear 
isotherms could be of great interest. Despite the fact that the effective kinetic constant 
is represented on a length scale in the analytic solution of plate theory for a linear 
isotherm and the diffusion-mass exchange theory * arrives at the same conclusion, 
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chromatographic constants determined by the ratio of the elementary volumes of the 
mobile phase and the sorbent have been used as the experimental kinetic constants 
in the layer method*-** , i.e., the two scales LIZ and df have been used for characteri- 
zation of sorption kinetics. Nevertheless, an additional introduction of the time scale, 
dt, greatly complicates the description of real chromatography and belittles the ap- 
proach suggested in plate theory. 

A new variant of the layer method based on a model of an equilibrium ad- 
sorption layer (Le in Fig. 1) has been proposedll. The original equation may be 
written in the form 

491 (1) 

where a and C are, respectively, the mean weight adsorbed and the concentration in 
the column volume with thickness L,, Y is the superficial velocity of the mobile phase, 
ca is the concentration entering the layer L,, c(G) is the concentration leaving this 
layer and also the analytical or numerical expression of a sorption isotherm and t is 
the time. 

Quantitative estimation of ideal conditions in chromatography and limits of H&r’s 
method 

According to the model based on a layer of equilibrium adsorption12 we have 
calculated the elution curves for isotherms a = kcll”, where n -C 1 and n > 1, at 
different thicknesses, L,, of the layer of equilibrium adsorption column length, 1, and 
sample sizes, q, introduced. 

The leading edges of the elution curves (Fig. 2), which coincided at different 
q and were linear, were used to calculate the sorption isotherms according to the 
equation of i&al chromatography. The ideal-state coefficient, kid, was defined as the 

Fig. 1. Scheme of the layer of equilibrium adsorption. Cur’~es: 1, 
adsorption; 2, concentration in ideal 

chromatography and 3, reai concentration. 
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Fig. 2. Outlet elution curves for a concave sorption isotherm a = W. Numbers on the curves denote the 
relative cohrm length, I/L_ Ideal = isolength line in ideal chromatography. Conditions: I = 5 Cm; V = 
5~ m/tin; k = 1.41 . 106 cm’/mg. The amounts of substance introduced for I/L, = 80 are: a, 1.41; b, 
2.82 and c, 6.79 mg. The starting concentration, Ck, was 5 mg/l. 

ratio of the calculated sorption to that characteristic of ideal chromatography. It was 

found (Fig. 3) that kid increased with increasing number of layers in the column and 
that it is independent of the absolute value of the effective kinetic constant, L,. Thus, 
ideal conditions in chromatography are determined by the relative length of the col- 
umn. At values of l/Le > 100-250 the real processes in the column can be described 
with sufficient accuracy on the basis of the theory of ideal chromatography, and the 
sorption isotherm can be calculated by De Vault’s methodZ. 

The validity of this was confkmed by an analysis of the initial equation of the 
model, eqn. 1. In fact, L. approaches dl when the ratio Z/L, is very large. Conse- 
quently, [cB - c(a)] x dc and the model equation transforms to that for ideal chro- 
matography. 

The numerical calculation of the convex isotherm were performed according 
to the conditions and constants presented previously 13. It follows from the results of 

Ku 

0.8 

0.4 

0 40 80 120 e/t, 
Fig. 3. Dependence of the ideal-state coefkient kid, on the relative chromatographic column length. 
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these calculations (Fig. 4).that the peak maxima do not coincide with the isolength 
line in ideal chromatography in the case of short columns (I/L, = 1,2 and 4). How- 
ever, the peak maxima approximate to the isolength line with increasing value of 
Z/Le. The isolength line, calculated with the ideal chromatography equation, connects 
the peak maxima for different sample sizes only at a certain column length. 

For example, for the adsorption of anisole on silica SCP under the given con- 
ditions, a calculation of the sorption isotherm by Huber’s method becomes possible 
only for column lengths l/L, > 8-10. 

New methodr for solution of the inverse problem 
The solution of the inverse problem in the model based on a layer of equili- 

brium adsorption, when dZ/dt Q dii/dt, is concluded by integration of 

ii = c [cB - ~($1 dt 
e s 
0 

(2) 

where the functions c(G) and CB represent outlet curves for column lengths II and 12, 
respectively, and (II - 2,) = L,. 

- 

0 

Fig. 4. Elution curves calculated for a convex sorption isotherm (anisole adsorption on silica SCP*3). 
Numbers on the curves denote the relative column length, i/L,. IDEAL = isolength line in ideal chro- 
matography. Column sorbent mass = 0.96 g; sample size, 1 mg, volume velocity of the mobile phase, o 
= 0.68 g/min. 
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Fig. 5. Scheme for solution of the inverse problem on the basis of an exit curve measured in the stage of 
parallel transfer. Curves: 1 = measured, c(c); 2 = constructed, cs. 

Frontal chromatography 
(1) Stage of the parallel transfer. Solution of the inverse problem becomes 

possible on the basis of a single experimentally determined outlet curve. Parallel to 
the measured curve 1 (Fig. 5), curve 2 is plotted, nominally corresponding to the 
function cB for the layer of equilibrium adsorption determined by the relationship 

L,=L- 
t1 - t2 

t1 

(3) 

where L, is the length of the layer in which the exit curve is measured, and tl and t2 
are the exit times of equal concentration for the measured and constructed curves, 
respectively. 

The amounts of adsorption, &, for the corresponding concentrations, c(&), are 

Fig. 6. Isotherms for cyclohexane adsorption on activated carbon, calculated according to the scheme in 
Fig. 5 with an experimental exit curve for different values of L.: 1 = 1.0 cm; 2 = 0.9 cm and 3 = 0.8 cm. 
Point “a” was measured by another method. Concentration of saturated vapour, C,, is 357 mg/l. 
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calculated with;ecln. 2. The integral on the right-hand side is determined by the area, 
Si, bounded by curves 1. and 2 and the vertical at time ti corresponding to the ap- 
pearance of the concentration c(&). The value of the length of the layer of equilibrium 
adsorption, with a given accuracy, is determined by matching the matrices of values 
of ai and ci, obtained with different values of L,, to the adsorption isotherm frag- 
ments. 

We will examine the results of such a calculation in the case of the adsorption 
of cyclohexane on activated carbon 14. It was found (Fig. 6) that the best agreement 
with the isotherm fragment (point “a”) is observed in the case of the isotherm cal- 
culated for a layer of equilibrium adsorption with L, = 1 cm, and this can also serve 
as a kinetic constant for the system consisting of cyclohexane and activated carbon. 

(2) Column length, I x L,. In frontal chromatography when the layer L, is 
situated at the beginning of a column, the solution of the inverse problem is con- 
ducted according to the scheme in Fig. 7. 

Let us examine the results of such a calculation in the case of the adsorption 
of carbon tetrachloride on activated carbon l 5. It was found (Fig. 8) that the best 
agreement with the measured16 equilibrium adsorption isotherm is observed in the 
case of the isotherm calculated for a tube mass of 3.04 g or with L, = 1.7 cm. 

Elution chromatography 
In elution chromatography when the layer L, is situated at the beginning of 

a column the expression 

(4) 

may be evaluated. 
The scheme in Fig. 9 illustrates the calculation conducted according to eqn. 4. 

For each time ti corresponding to the concentration c(sii), the amount of the adsorp- 

0 4 ti 12 16 20 t, min 
Fig. 7. Carbon tetrachloride penetration curves for carbon columns of various weights: 1 = 2.12; 2 = 
3.04 and 3 = 4.29 glS. Scheme for solution of the inverse problem in frontal chromatography when I 
x L,. 
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Fig. 8. Isotherms for adsorption of carbon tetrachloride on activated carbon, calculated according to the 
scheme in Fig. 7 for different carbon columns (see Fig. 7). 

tion, Sii, is determined. The integral in the right-hand part of eqn. 4 is calculated as 
the area St. 

Fig. 10 shows the calculated elution curves, which are in a good agreement 
with the experimental data for I x L,. Elution curves for the column length 1 = L, 
are characterized by an appearance in the maxima with the velocity of the mobile 
phase, as noted previously17J8. 

The solution of the inverse problem is conducted according to the scheme in 
Fig. 11, when the curves are measured for arbitrary column lengths. In this case, 
curve 1 (where II < 12) intersects the maximum of curve 2. 

C 

aail -_--_- 

tt time 
Fig. 9. Scheme for solution of the inverse problem in elution chromatography when I GZ L,. 



A. V.LAKlN 

Fig. 10. Ethyl chloride outlet elution curves measured on activated carbon in air of a flow-rate of 700 
cm/min at 423 K. Length of sorbent column: 0.7 cm. Amounts of substance introduced are: (1) 0.1 and 
(2) 1.0 mg. 0, A, Experimental data; -, theoretical calculation. 

time 

Fig. 11. Scheme for solution of the inverse problem in elution chromatography. 
maximum of curve 2 when 12 - If = L, (12 > I,). 

Curve 1 crosses the 

CONCLUSIONS 

On the basis of the model of the equilibrium adsorption layer it has been 
demonstrated that the shape of the outlet curve is defined by the relative length of 
the chromatographic column, l/L,, and by the sorption isotherm. At l/L, > lW250, 
chromatographic systems with either concave and convex isotherms can be described 
by the equation for ideal chromatography and the sorption isotherms may be cal- 
culated by De Vault’s method. 



SORPTION ISOTHERMS AND THE INVERSE PROBLEM 95 

The isolength line, calculated with the ideal chromatography equation, con- 
nects the peak maxima for different sample sixes only at a certain length of the 
column. For example, a calculation of the sorption isotherm by Huber’s method 
becomes possible only at Z/L, > 8-10 (in the case of anisole adsorption on silica). 

The examples that we have examined for solution of the inverse problem of 
chromatography by the model based on a layer of equilibrium adsorption have yield- 
ed simple algorithms for finding the effective kinetic constant from the outlet curves, 
measured in elution or frontal chromatography. The additional measurement of the 
sorption at small concentrations allows us to define the effective kinetic constant as 
well as the sorption isotherm from the outlet curves. In the cases of vapour adsorption 
on activated carbon there is good agreement between the calculated and experimental 
isotherms. 
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